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Integrable string models with onstant torsion in terms of hiral
invariants of SU(n), SO(n), SP(n) groups
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ITP, NSC Kharkov Institute of Physis and Tehnology, Kharkov,Ukraine
We used the invariant loal hiral urrents of prinipal hiral models for SU(n),
SO(n), SP(n) groups to onstrut new integrable string equations of hydrodynami
type on the Riemmann spae of the hiral primitive invariant urrents and on the
hiral non-primitive Casimir operators as Hamiltonians.
PACS numbers: 02.20.Sv, 02.40.Vv, 11.17.-w, 11.30.Rd, 21.60.Fw
1. INTRODUCTION
For quantum desription of string model we must to have lassial solutions of the string
in the bakground elds. String theory in suitable spae-time bakgrounds an be onsid-
ered as prinipal hiral model. The integrability of the lassial prinipal hiral model is
manifested through an innite set of onserved harges, whih an form non-abelian alge-
bra. Any harge from the ommuting subset of harges and any Casimir operators of harge
algebra an be onsidered as Hamiltonian. The polynomials of loal hiral urrents was
onsidered by Goldshmidt and Witten [1℄ (see also [2℄). The loal onserved hiral harges
in prinipal hiral models was onsidered by Evans, Hassan, MaKay, Mountain [5℄. The
integrable string models of hydrodynami type was onsidered by author [3℄, [4℄. In setion
2 the author obtained the basis loal invariant hiral urrents for SU(n) whih they form
losed algebra under Poisson brakets of hydrodynami type. The author onstruted new
invariant symmetri tensors and obtained relations between new invariant tensors and basis
tensors. In setion 3 the author obtained new integrable string equations for SU(3) group
for hiral urrents of SU(3) group as loal elds of Riemmann spae with non-primitive hi-
ral Casimirs as Hamiltonians. The non-primitive invariant hiral harges for SU(n) n ≥ 4
are not Casimirs and they an not used as Hamiltonians to onstrut new integrable equa-
tions for this groups. The author show that new integrable string equations do not arise for
SO(2l + 1), SO(2l), SP (2l) groups for l ≥ 2.
2A string model is desribed by the Lagrangian
L =
1
2
2pi∫
0
ηαβgab(φ(t, x))
∂φa(t, x)
∂xα
∂φb(t, x)
∂xβ
dx
and by two rst kind onstraints:
gab(φ(x))[
∂φa(x)
∂t
∂φb(x)
∂t
+
∂φa(x)
∂x
∂φb(x)
∂x
] ≈ 0,
gab(φ(x))
∂φa(x)
∂t
∂φb(x)
∂x
≈ 0.
The target spae loal oordinates φa(x), a = 1, ..., n belong to ertain given smooth
n-dimensional manifold Mn with nondegenerate metri tensor
gab(φ(x)) = ηµνe
µ
a(φ(x))e
ν
b (φ(x)),
where µ, ν = 1, ..., n are indexes of tangent spae to manifold Mn on some point φa(x). The
veilbein eµa(φ) and its inverse e
a
µ(φ) satisfy to the onditions:
eµae
b
µ = δ
b
a, e
µ
ae
aν = ηµν .
The oordinates xα, x0 = t, x1 = x belong to world sheet with metri tensor gαβ in onformal
gauge.The string equations of motion have the form:
ηαβ[∂αβφ
a + Γabc(φ)∂αφ
b∂βφ
c] = 0, ∂α =
∂
∂xα
, α = 0, 1,
where
Γabc(φ) =
1
2
eaµ[
∂e
µ
b
∂φc
+
∂eµc
∂φb
]
is onnetion.
The Hamiltonian has form:
H =
1
2
2pi∫
0
[ηµνJ0µJ0ν + ηµνJ
µ
1 J
ν
1 ]dx,
where J0µ(φ) = e
a
µ(φ)pa, J
µ
1 (φ) = e
µ
a
∂
∂x
φa and pa(t, x) = ηµνe
µ
ae
ν
b
∂
∂t
φb is anonial momentum.
Let us introdue hiral urrents:
Uµ = ηµνJ0ν + J
µ
1 , V
µ = ηµνJ0ν − J
µ
1
3The ommutation relations of hiral urrents Uµ are following:
{Uµ(x), Uν(y)} = Cµνλ [
3
2
Uλ(x)−
1
2
V λ(x) ]δ(x− y)− ηµν
∂
∂x
δ(x− y), (1)
where
C
µ
νλ(φ) = e
a
νe
b
λ[
∂eµa
∂φb
−
∂e
µ
b
∂φa
]
is torsion. Equations of motion in light-one oordinates
x± =
1
2
(t± x),
∂
∂x±
=
∂
∂t
±
∂
∂x
have form:
∂−U
µ = Cµνλ(φ(x))U
νV λ, ∂−V
µ = Cµνλ(φ(x))V
νUλ.
In the ase of null torsion:
C
µ
νλ = 0, e
µ
a(φ) =
∂eµ
∂φa
, Γabc(φ) = e
a
µ
∂2eµ
∂φb∂φc
, R
µ
νλρ(φ) = 0
string model is integrable one.The Hamiltonian equations of motion under Hamiltonian H
are desribed two independent left and right movers: Uµ(t + x) and V µ(t− x).
2. INTEGRABLE STRING MODELS WITH CONSTANT TORSION
Let us ome bak to ommutations relations of hiral urrents. Let torsion C
µ
νλ(φ(x)) 6= 0
and Cµνλ = fµνλ are struture onstant of simple Lie algebra. We will onsider string model
with onstant torsion in light-one gauge in target spae. This model oinides to prinipal
hiral model on ompat simple Lie group. We an not divide motion on right and left
mover beause of hiral urrents ∂−U
µ = fµνλU
νV λ, ∂−V
µ = fµνλV
νUλ are not onserve. The
orrespondent harges are not Casimirs. Evans, Hassan, MaKay, Mountain onstruted
loal invariant hiral urrents as polynomials of initial hiral urrents of SU(n), SO(n),
SP (n) prinipal hiral models and they found suh ombination of them, that orresponding
harges are Casimir operators of this dynamial systems. Their paper was based on the paper
of de Azarraga, Mafarlane, MaKay, Perez Bueno [6℄ about invariant tensors for simple
Lie algebras. Let tµ are n ⊗ n traeless hermitian matrix representations of generators Lie
algebra:
[tµ, tν ] = 2ifµνλtλ, T r(tµtν) = 2δµν .
4Here is additional relation for SU(n) algebra:
{tµ, tν} =
4
n
δµν + 2dµνλtλ, µ = 1, ..., n
2 − 1.
De Azarraga et. al. gave some examples of invariant tensors of simple Lie algebras and
they gave general method to alulate them. Invariant tensors may to onstrut as invariant
symmetri polynomials on SU(n):
dM = d(µ1...µM) =
1
M !
STr(tµ1...tµM ),
where STr means of ompletely symmetrized produt of matries and d(µ1...µM ) is totally
symmetri tensor and M = 2, 3, ...,∞. Another family of invariant symmetri tensors, suh
named d-family , based on the produt of the symmetri struture onstant dµνλ of SU(n)
algebra:
CM = d(µ1...µM ) = d
k1
(µ1µ2
dk1k2µ3 ...d
kM−2kM−3
µM−2
d
kM−3
µM−1µM )
,
where C3 = dµνλ and M = 4, 5, ...,∞.
Here are n − 1 primitive invariant tensors on SU(n). The invariant tensors for M ≥ n
are funtions of primitive tensors. Evans et.al. introdued loal hiral urrents based on the
invariant symmetri polynomials on simple Lie groups:
JM(U) = dµ1...µMU
µ1 ...UµM ,
where U = tµU
µ
and µ = 1, ..., n2 − 1 . It is possible to ompose the invariant symmetri
polynomials JM(U) to basis invariant tensors CM(U):
C2(U) = ηµνU
µUν , C3(U) = dµνλU
µUνUλ, CM(U) = d
k1
µ1µ2
dk1k2µ3 ...d
kM−3
µM−1µM
Uµ1Uµ2 ...UµM ,
(2)
where M = 4, 5, ...,∞. The author obtained following expression for loal invariant hiral
urrents JM(U):
J2 = 2C2, J3 = 2C3, J4 = 2C4 +
4
n
C22 , J5 = 2C5 +
8
n
C2C3,
J6 = 2C6 +
4
n
C23 +
8
n
C2C4 +
8
n2
C32 , (3)
J7 = 2C7 +
8
n
C3C4 +
8
n
C2C5 +
24
n2
C22C3,
J8 = 2C8 +
4
n
C24 +
8
n
C3C5 +
8
n
C2C6 +
24
n2
C2C
2
3 +
24
n2
C22C4 +
16
n3
C42 ,
5J9 = 2C9 +
8
n
C4C5 +
8
n
C3C6 +
8
n
C2C7 +
8
n2
C33 +
48
n2
C3C4 +
24
n2
C22C5 +
64
n3
C32C3.
The ommutation relations of invariant hiral urrents JM(U(x)) show, that these urrents
are not densities of dynamial Casimir operators. We onsidered the basis family of invariant
hiral urrents CM(U) and we proved that invariant hiral urrents CM(U) forms losed
algebra under anonial PB and orresponding harges are dynamial Casimir operators. The
ommutation relations of invariant hiral urrents CM(U(x)) and CN(U(y)) forM,N = 2, 3, 4
and for M = 2, N = 2, 3, ...,∞ are the following:
{CM(x), CN(y)} = −MNCM+N−2(x)
∂
∂x
δ(x− y)−
MN(N − 1)
M +N − 2
∂CM+N−2(x)
∂x
δ(x− y).
The ommutations relations for M ≥ 5, N ≥ 3 are following (we show one formula for C8 on
the right side as example only):
{C5(x), C3(y)} = −[12C6(x) + 3C6,1(x)]
∂
∂x
δ(x− y)−
1
3
∂
∂x
[12C6(x) + 3C6,1(x)]δ(x− y),
{C5(x), C4(y)} = −[16C7(x) + 4C7,1(x)]
∂
∂x
δ(x− y)−
3
7
∂
∂x
[16C7(x) + 4C7,1(x)]δ(x− y),
{C6(x), C3(y)} = −[12C7(x) + 6C7,1(x)]
∂
∂x
δ(x− y)−
2
7
∂
∂x
[12C7(x) + 6C7,1(x)]δ(x− y),
{C5(x), C5(y)} = −[16C8(x) + 8C8,1(x) + C8,2(x)]
∂
∂x
δ(x− y)−
1
2
∂
∂x
[16C8(x) + 8C8,1(x) + C8,2(x)]δ(x− y),
{C6(x), C4(y)} = −[16C8(x) + 8C8,3(x)]
∂
∂x
δ(x− y)− (4)
3
8
∂
∂x
[16C8(x) + 8C8,3(x)]δ(x− y),
{C7(x), C3(y)} = −[12C8(x) + 6C8,1(x) + 3C8,3]
∂
∂x
δ(x− y)−
1
4
∂
∂x
[12C8(x) + 6C8,1(x) + 3C8,3(x)]δ(x− y),
{C8(x), C3(y)} = −[12C9(x) + 6C9,1(x) + 6C9,2(x)]
∂
∂x
δ(x− y)−
2
9
∂
∂x
[12C9(x) + 6C9,1(x) + 6C9,2(x)]δ(x− y),
{C7(x), C4(y)} = −[16C9(x) + 8C9,2(x) + 4C9,3(x)]
∂
∂x
δ(x− y)−
1
3
∂
∂x
[16C9(x) + 8C9,2(x) + 4C9,3(x)]δ(x− y),
6{C6(x), C5(y)} = −[16C9(x) + 4C9,1(x) + 8C9,2(x) + 2C9,4(x)]
∂
∂x
δ(x− y)−
4
9
∂
∂x
[16C9(x) + 4C9,1(x) + 8C9,2(x) + 2C9,4(x)]δ(x− y),
{C9(x), C3(y)} = −[12C10(x) + 6C10,1(x) + 6C10,2(x) + 3C10,3(x)]
∂
∂x
δ(x− y)−
1
5
∂
∂x
[12C10(x) + 6C10,1(x) + 6C10,2(x) + 3C10,3(x)]δ(x− y),
{C8(x), C4(y)} = −[16C10(x) + 8C10,2(x) + 8C10,4(x)]
∂
∂x
δ(x− y)−
3
10
∂
∂x
[16C10(x) + 8C10,2(x) + 8C10,4(x)]δ(x− y),
{C7(x), C5(y)} = −[16C10(x)+8C10,3(x)+4C10,1(x)+4C10,4(x)+2C10,5(x)+C10,6(x)]
∂
∂x
δ(x−y)−
2
5
∂
∂x
[16C10(x) + 8C10,3(x) + 4C10,1(x) + 4C10,4(x) + 2C10,5(x) + C10,6(x)]δ(x− y),
{C6(x), C6(y)} = −[16C10(x) + 16C10,2(x) + 4C10,7(x)]
∂
∂x
δ(x− y)−
1
2
∂
∂x
[16C10(x) + 16C10,2(x) + 4C10,7(x)]δ(x− y).
The new dependent invariant hiral urrents C6,1, C7,1, C8,1−C8,3, C9,1−C9,4, C10,1−C10,7
have the similar form (we show formulas for C8 on the right side as example only):
C8,1 = [d
k
µνd
kl
λ d
ln
ρ ][d
m
σϕ][d
p
τθ]d
nmp(U8)µνλρσϕτθ,
C8,2 = [d
k
µν ][d
l
λρ][d
n
σϕ][d
m
τθ]d
klpdnmp(U8)µνλρσϕτθ .
C8,3 = [d
k
µνd
kl
λ ][d
n
ρσd
nm
ϕ ][d
p
τθ]d
lmp(U8)µνλρσϕτθ,
The following piture show the graphi image of invariant hiral urrents CM(U) and the
dierene between C8 and C81 − C83.
Let us note that these PB's (4) are PB's of hydrodynami type. The ultra loal term
with antisymmetri struture onstant fµνλ in ommutation relation of hiral urrents U
µ
7(1) does not ontribution to ommutation relations of invariant hiral urrents beause of
totally symmetri invariant tensors d(µ1...µM ). Therefore hiral urrents CM(U(x)) form losed
algebra under anonial PB.
The new dependent invariant hiral urrents and the new dependent totally symmetri
invariant tensors for SU(N) group an be obtained under dierent order of alulation of
trae of the produt of the generators of SU(n) algebra. Let us mark the matrix produt of
two generators tµ, tν in round brakets:
(tµtν) =
2
n
δµν + (d
k
µν + if
k
µν)tk.
The expression of invariant hiral urrents JM(U) depends of the order of the matrix produt
of two generators in general list of generators. For example:
J8 = Tr[t(tt)tt(tt)t] = 2C8 +
4
n
C24 +
8
n
C3C5 +
8
n
C2C6 +
24
n2
C2C
2
3 +
24
n2
C22C4 +
16
n3
C42 ,
J8 = Tr[(tt)(tt)t(tt)t] = 2C8,1 +
4
n
C24 +
4
n
C3C5 +
24
n2
C2C
2
3 +
12
n
C2C6 +
24
n2
C22C4 +
16
n3
C42 ,
J8 = Tr[(tt)(tt)(tt)(tt)] = 2C8,2 +
4
n
C24 +
16
n
C2C6,1 +
32
n2
C22C4 +
16
n3
C42 ,
J8 = Tr[t(tt)(tt)(tt)t] = 2C8,3 +
12
n
C2C6 +
8
n
C3C5 +
24
n2
C22C4 +
24
n2
C2C
2
3 +
16
n
C42 ,
J9 = Tr[t(tt)ttt(tt)t] = 2C9+
8
n
C4C5+
8
n
C3C6+
8
n
C2C7+
8
n2
C33+
48
n2
C2C3C4+
24
n2
C22C5+
64
n3
C32C3,
J9 = Tr[t(tt)tt(tt)(tt)] =

2C9,1 +
4
n
C4C5 +
4
n
C2C7 +
4
n
C2C7,1 +
8
n
C3C6,1 +
32
n2
C2C3C4 +
32
n2
C22C5 +
64
n3
C32C3
2C9,4 +
4
n
C2C7 +
4
n
C2C7,1 +
12
n
C3C6,1 +
32
n2
C2C3C4 +
32
n2
C22C5 +
64
n3
C32C3,
J9 = Tr[t(tt)t(tt)t(tt)] =

2C9,2 +
4
n
C4C5 +
8
n
C3C6 +
8
n
C2C7 +
4
n
C2C7,1 +
8
n2
C33 +
40
n2
C2C3C4 +
32
n2
C22C5 +
64
n3
C32C3,
2C9,3 +
8
n
C2C7 +
4
n
C2C7,1 +
12
n
C3C6 +
8
n
C33 +
40
n2
C2C3C4 +
32
n2
C22C5 +
64
n3
C32C3,
where t = tµU
µ
and two variants of two last expressions for J9(U) obtained from two
variants of expression for J6(U) during alulation J9(U). Beause result of alulation does
not depend of order of alulation, we an obtain relations between new invariant hiral
urrents and basis invariant urrents CM(U):
C6,1 = C6 +
2
n
C23 −
2
n
C2C4,
8C7,1 = C7 +
4
n
C3C4 −
4
n
C2C5,
C8,1 = C8 +
2
n
C3C5 −
2
n
C2C6, (5)
C8,2 = C8 +
4
n
C3C5 −
4
n
C2C6 −
4
n2
C2C
2
3 +
4
n2
C22C4,
C8,3 = C8 +
2
n
C24 −
2
n
C2C6,
C9,1 = C9 +
2
n
C4C5 −
4
n2
C33 +
8
n2
C2C3C4 +
4
n2
C22C5,
C9,2 = C9 +
2
n
C4C5 −
2
n
C2C7 −
4
n2
C2C3C4 +
4
n2
C22C5,
C9,3 = C9 +
4
n
C4C5 −
2
n
C2C7 −
2
n
C3C6 −
4
n2
C2C3C4 +
4
n2
C22C5,
C9,4 = C9 +
4
n
C4C5 −
2
n
C3C6 −
8
n2
C33 +
12
n2
C2C3C4 +
4
n2
C22C5.
Hene we an obtain the new relations for symmetri tensors:
dk(µνd
l
λρd
n
σϕd
nm
τ d
mp
θ) d
klp = dk(µνd
kl
λ d
ln
ρ d
nm
σ d
mp
ϕ d
p
τθ) +
4
n
d(µνλd
k
ρσd
kl
ϕ d
l
τθ) −
2
n
δ(µνd
k
λρd
kl
σ d
ln
ϕ d
n
τθ),
dk(µνd
l
λρd
n
σϕd
m
τθ)d
klpdnmp = dk(µνd
kl
λ d
ln
ρ d
nm
σ d
mp
ϕ d
p
τθ) +
4
n
d(µνλd
k
ρσd
kl
ϕ d
l
τθ)−
−
4
n
δ(µνd
k
λρd
kl
σ d
ln
ϕ d
n
τθ) −
4
n2
δ(µνdλρσdϕτθ) +
4
n2
δ(µνδλρd
k
σϕd
k
τθ).
The family of invariant hiral urrents CM(U(x)) satisfy to onservation equations
∂−CM(U(x)) = 0.
3. NEW INTEGRABLE STRING EQUATIONS
Let us apply hydrodynami approah to integrable string models with onstant torsion.
In this ase we must to onsider the onserved primitive hiral urrents urrents CM(U(x)),
(M = 2, 3, ..., n − 1) as loal elds of the Riemmann manifold. The non-primitive loal
harges of invariant hiral urrents with M ≥ n form the hierarhy of new Hamiltonians
in bi-Hamiltonian approah to integrable systems. The ommutation relations of invariant
hiral urrents are loal PBs of hydrodynami type.
The invariant hiral urrents CM with M ≥ 3 for the SU(3) group an be obtained from
following relation:
dklndkmp + dklmdknp + dklpdknm =
1
3
(δlnδmp + δlmδnp + δlpδnm).
9The orresponding invariant hiral urrents for SU(3) group have form:
C2N =
1
3N−1
(ηµνU
µUν)N =
1
3N−1
(C2)
N ,
C2N+1 =
1
3N−1
(ηµνU
µUν)N−1dklnU
kU lUn =
1
3N−1
(C2)
N−1C3.
The invariant hiral urrents C2, C3 are loal oordinates of the Riemmann manifold M
2
.
The loal harges C2N , N ≥ 2 form hierarhy of Hamiltonians. The new nonlinear equations
of motion for hiral urrents are the following:
∂f(x, tN )
∂tN
= −fN−1(x)
∂f(x)
∂x
, (6)
∂g(x, tN )
∂tN
= −
3
2N − 1
g(x)fN−2(x)
∂f(x)
∂x
−
1
2N − 1
fN−1(x)
∂g(x)
∂x
.
Here f(x) = C2(U(x)), g(x) = C3(U(x)) and Hamiltonian has following form:
HN(tN) =
1
2N(2N − 1)
2pi∫
0
fN(x, tN )dx, N = 2, ...,∞.
First equation for funtion f(x, tn) is generalized invisid Burgers' equation. It has following
solution:
f(x, tN ) = h[x− tNf
N−1(x, tN)] (7)
and h(x) is arbitrary funtion of x.
The onstrution of integrable equations with SU(n) symmetries for n ≥ 4 has diulties
of redution non-primitive invariant urrents to primitive urrents. Following Balog, Feher,
O'Raifeartaigh, Forgas, Wipf we onsidered the generating funtion
A(x, λ) = det(1− λU(x)) = exp Tr ln(1− λUµ(x)tµ).
We obtained following expressions for non-primitive invariant urrents CN :
SU(4) : C5 →
2
3
C2C3, C6 →
1
6
C23 +
1
2
C2C4, C7 →
1
3
C22C3 +
1
6
C3C4,
C8 →
7
36
C2C
2
3 +
1
4
C22C4, C9 →
1
6
C32C3 +
1
36
C33 +
1
6
C2C3C4.
SU(5) : C6 → −
3
50
C32 +
4
15
C23 +
7
10
C2C4, C7 → −
3
50
C22C3 +
11
30
C3C4 +
3
5
C2C5,
C8 → −
9
250
C42
4
25
C2C
2
3 +
9
25
C22C4 +
1
10
C24 +
4
15
C3C5,
10
C9 → −
13
250
C32C3 +
16
225
C33 +
61
150
C2C3C4 +
3
10
C22C5 +
1
10
C4C5.
However, the non-primitive harges are not ommuting. They are not Casimirs and we
an not onsider them as Hamiltonians. The similar method of onstrution hiral urrents
for SO(2l + 1) = Bl, SP (2l) = Cl groups was used by Evans et.al. on the base of sym-
metri invariant tensors of de Azarraga et.al.. In the dening representation these groups
generators orresponding algebras tµ satisfy rules:
[tµ, tν ] = 2if
λ
µνtλ, T r(tµtν) = 2δµν , tµη = −ηt
t
µ,
where η is eulidean or sympleti struture.
The symmetri tensor truture onstants for these groups they introdued through om-
pletely symmetrized produt of three generators of orresponding algebras:
t(µtνtλ) = v
ρ
µνλtρ, (8)
where vµνλρ is totally symmetri tensor. The basi invariant symmetri tensors have the
form :
V (2)µν = δµν , V
(2N)
(µ1µ2...µ2N−1µ2N )
= vν1(µ1µ2µ3v
ν1ν2
µ4µ5
...v
ν2N−3
µ2N−2µ2N−1µ2N )
, N = 2, ...,∞.
The invariant hiral urrents J (2N) oinide to the basis invariant hiral urrents V (2N) :
J (2N) = 2V (2N)µ1...µ2NU
µ1 ...Uµ2N .
The ommutation relations of invariant hiral urrents are PBs of hydrodynami type:
{V (M)(x), V (N)(y)} = −MNV (M+N−2)(x)
∂
∂x
δ(x− y)−
MN(N − 1)
M +N − 2
∂V (M+N−2)(x)
∂x
δ(x− y).
The ommuting harges of these invariant hiral urrents are dynamial Casimir operators
on SO(2l+ 1), SP (2l). The metri tensor of Riemmann spae of invariant hiral urrents is
the following:
gMN(V (x)) = −MN(M +N − 2)V
(M+N−2)(x).
The ommutation relations oinide to ommutation relations, whih was obtained by Evans
at.al. .
We used relations for new symmetri invariant tensors V
(2N,1)
(µ1...µ2N )
, whih we obtained
during alulation PB :
V
(10,1)
(µ1...µ10)
= vk(µ1µ2µ3v
l
µ4µ5µ6
vnµ7µ8µ9v
kln
µ10)
= V
(10)
(µ1...µ10)
,
11
V
(12,1)
(µ1...µ12)
= vk(µ1µ2µ3v
l
µ4µ5µ6
vnµ7µ8µ9v
m
µ10µ11µ12)v
klnm = V
(12)
(µ1...µ12)
,
V
(14,1)
(µ1...µ14)
= vk(µ1µ2µ3v
l
µ4µ5µ6
vnµ7µ8µ9v
m
µ10µ11µ12
vklpµ13v
nmp
µ14)
= V
(14)
(µ1...µ14)
.
The invariant hiral urrents J (2N) and V (2N) and the new dependent totally symmetri
invariant tensors for SO(2l + 1), SP (2l) groups an be obtained under dierent order of
alulation of trae of the produt of the generators of orresponding algebras. Let us mark
the matrix produt of three generators tµ in round brakets:
(t(µtνtλ)) = vµνλρtρ.
The dierent disposition of this triplet inside of J2N produe dierent expressions for V 2N :
J (10) = Tr[((ttt)t(ttt)(ttt))] = 2V (10), J (10) = Tr[((ttt)(ttt)(ttt)t] = 2V (10,1),
J (12) = Tr[t(ttt)t(ttt)t(ttt)] = 2V (12), J (12) = Tr[((ttt)(ttt)(ttt)(ttt))] = 2V (12,1),
J (14) = Tr[((ttt)t(ttt)t(ttt)(ttt))] = 2V (14), [J (14) = Tr[((ttt)(ttt)(ttt)(ttt)tt)] = 2V (14,1).
New invariant hiral tensors do not led to new invariant hiral urrents. We obtained
following expressions for non-primitive invariant urrents VN for SO(2l+1), SO(2l), SP (2l)
groups:
l = 1 : V2N → V
N
2 ,
l = 2 : V6 → −
1
2
V 32 +
3
2
V2V4, V8 → −
1
2
V 42 + V
2
2 V4 +
1
2
V 24 , V10 → −
1
4
V 52 +
5
4
V2V
2
4 ,
l = 3 : V8 →
1
6
V 42 − V
2
2 V4 +
1
2
V 24 +
4
3
V2V6, V10 →
1
6
V 52 −
5
2
(V 32 V4 − V
2
2 V6 − V4V6).
The non-primitive harges for l ≥ 2 are not ommuting also.
4. CONCLUSIONS
In present paper author used dynamial polynomial hiral invariant harges to onstrut
new integrable equations. It is possible for SU(3), SO(3), SP (2) groups only. The non-
primitive harges for groups of bigger rank are not Casimirs.
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